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Table1 The current expected to produce explosive boiling
in a spraying liquid cone

74 o 0 K Rx10% i
o gm dyne watts
(A) (—) (—) ~ @-cm)  (uA)
cc cm cm K
Salt water 1.45 1.0 70 0.006 1000 -
Hg 1.55 13.6 467 0.075 98.5 46.7
Na - 1.86 0.92 200 0.8 10.2 403
Cs 2.62 1.87 70 0.19 36.6 112
K 2.31 0.87 411 0.48 13 757
Cu 1.28 8.9 1100 1.75 22 549

much higher temperature than in a large bulk. Farther back
from the tip, as the volume increases, the boiling temperature
drops to the bulk value of approximately 0.9 T, > where T. is
the absolute critical temperature of the liquid. From the
figure, it is clear that the lowest temperature for boiling will
occur near the tip of the cone. Also, the temperature in a
spraying cone tends to be highest at the tip, as pointed outina
previous paper. For both of these reasons we would expect the
discharge to begin with the smallest particles, namely ions. As
the temperature is raised, large pieces of the tip can be severed
by the formation of vapor nuclei, and the discharge will then
contain dimers and trimers in addition to the ions. The
sequence is often observed in practice, as monomers and then
dimers and large particles are emitted as the current increases.
The transition from monomers to dimers would be expected
when the temperature reached the explosive boiling point
several atomic radii from the tip. From the geometry of the
cone it is clear that this distance will be approximately 27 4-
3r4, wherer, is the atomic radius.

The discharge current at which the transition to dimer
spraying occurs can be estimated by calculating the current
needed to produce the boiling temperature at the critical
distance from the tip, using the results of Ref. 2. The required
currents, shown in Table 1, were calculated for several of the
liquids of interest in electrohydrodynamic spraying, using an
assumed radius of 2.5 r4. The values for thermal conductivity
K and electrical resistivity R were taken from Ref. 2.

V. Implications for the Selection of Spraying Liquids

Explosive boiling sets a limit on the maximum current and
hence power that can developed in electric spraying without
the formation of larger fluid particles than ions. If this limit is
to be extended, liquids must be selected to lower the rate of
formation of critical vapor nuclei. This rate depends chiefly
on the exponential term,

exp— (4xori/3kT) &)

To keep this term low, the surface tension should be high,
since this increases the energy threshold for the formation of
vapor nuclei. The atomic radius should be large, since this
requires the formation of a larger bubble to split off the tip of
the cone, and this too increases the activation energy for the
transition.

The temperature of the cone should be kept as low as
possible to keep the thermal energy low. From the results of
Ref. 2, the temperature depends most strongly on the ratio of
material properties R/K, where R is the electrical resistivity
and X is the thermal conductivity. To keep the temperature
low, the liquid chosen should be a good conductor of both
heat and electricity.

Liquid metals obviously are good candidates for this ap-

plication, with large surface tensions, thermal conductivities,
and electrical conductivities. In fact, all the successful ion
beams produced so far have employed liquid metals or alloys
such as NaK, Cs, and Galn. There are still many liquid metals
that have not been tried, however, and the search for superior
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spray liquids may well begin with liquid metals with higher
conductivities and surface tension than those used so far.
Copper, for example, has a critical current higher than most
of the other liquids listed in the table, but has not yet been
tried, to the author’s knowledge. Other, more exotic metals
and alloys may occur to the interested reader.
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Parabolic-Series Method for Transonic
Wedge Flow

" D.D. Liu*
Northrop Corporation, Hawthorne, Calif.

Introduction

IU and Platzer! have recently developed two related

approximate methods for transonic wedge flow
calculation in which the flowfield decay in the lateral direction
is prescribed, a priori, by some analytical functions. Both
methods yield reasonably good results in comparison with the
exact theory? and the method of local linearization.® The
purpose of this Note is to present an improvement of the
results obtained in Ref. 1, by employing a parabolic-decay
series. Also, we begin with a more general formulation than
that in Ref. 1, yielding equations accounting for the effects of
flowfield correction and surface curvature.

Unlike the source-distribution methods for the linear
theory, the methods in Ref. 1 aim at solving the approximate
nonlinear structure of the near field in the proximity of the
body surface. Thus, method A ‘is essentially an integral
method similar to the Karman-Pohlhausen approach to the
boundary-layer problem; method B directly solves the
asymptotic equation which is related to the so-called method
of series truncation.* The difference between the latter two
methods is that in method B, the problem of closure (the
number of unknown functions exceeds the number of
equations) is curcumvented by introducing a known decaying
function, a priori, whose dependent variable is a stretched
parabolic coordinate # in the lateral direction. Two decaying
functions have been adopted to depict the decay of the flow
disturbance: namely, an algebraic decaying function and an
exponential decaying function, i.e.

Fm=1/I+n)* , a>1/2 (1a)
F(p)=e ™ , A>0 (1b)

(See Egs. 2.13(a)and 2.13(b) of Ref. 1.)

It was concluded that the choice of these decaying functions
really does not affect the basic form of the solution and hence
the pressure behavior. But the drag coefficient is much more
sensitive to whichever of these functions is chosen. For this
reason, we have investigated a number of other possible forms
of the decaying functions. The decaying function extracted
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from the parabolic method® then appears to be a promising
candidate; interestingly, it turns out to give excellent results
both in the pressure distribution and the drag coefficient.

In the subsequent development, dimensionless variables are
introduced as: x=x/L,y=7"y/L, and o(x,y) =7~ 2 @(%,7);
where L is the characteristic length chord), 7 is the body
thickness ratio, and barred symbols denote the true physical
quantities.

Formulation

The transonic small perturbation equation (M,, = 1) can be
generally expressed in a compact form for parabolic ap-
proximation (o =0) and the nonlinear form (¢ =1) as

‘PyyzAU[(I_a)‘P+0‘px2] (2)
where
i) .
A=K W’ K=parabolic constant (a)
+1 0
A= 17- Fe v = specific heat ratio of the gas (2b)

Following Hosokawa, ® the parabolic solutions for ¢ =0 [Eq.
(2a)] can be written in a series form as

L
plEm == 5= ,,2;0 X, (§) Hy(n) ®)

where
X, (8)=fD (g) £ (3a)
S Hu(n)=Ju.(n) P! (3b)

and N is some positive integer.
Equation (3) is based on a coordinate transformation (£,7)
defined as

f=x , n=y-g(x) (3c¢)

where g(x) is the stretching function. In the sense of
parabolic solution, g (x) is identified to be (K/4x) *.

The function f** (£) is defined as d"+*/f(£)/d&"*' and
f(&) is the source distribution function related to the pro-
file slope, while the parabolic decaying function J,.;(%) is

defined as

22D (n4 1)1 ¥ 2(n—K)}!
,M(,,)z.ﬁ{):(_,)k [2(n—K)]

R2+D1 L (n—k)1220n=k 1

e‘"z
SRRy +(—1)”*’Jo(n)} (3d)
J()(T])=Sn e"’zdu (36)

On the other hand, the nonlinear equation (2b) (c=1),
under the transformation (3¢), becomes

(v+ DI+ Go(§) me,l-leg + Go’ ()0,
+2Go(E)ne,:+ G (E)ne,) =87 (£) ¢y, 1G]
where
Go(&) =g’ (£)/g(§)
G, (8)=g" (§)/g(%)
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In the present case, g (£) shall be related to the profile siope
h’ (£) by the tangency condition [see Eq. (2.5), Ref. 1].

Following our previous approach in Ref. 1, we seek the
nonlinear potential solution in the ‘‘separable’” form of

N
eEm =) Un(&)H,(m) (5)

Clearly, H,(n) is the parabolic decaying function extracted
from the linearized parabolic solution which satisfies the
farfield conditions required for ¢ and its derivatives. Notice
that the source distribution functions X, (£) are now replaced
by the unknown functions U, (£), which are to be sought in
the following development.

To demonstrate the procedure, we take three terms in Eq.
(5) (i.e., N=2)and substitute them into Eq. (4). In accordance
with the order of 19, #7, and 42, respectively, we obtain

(y+1)-9i05=28"¢, (62)
(v+1) - 107+ God ) b5+ (6] +2G b +G1$,) d;] =687¢;
(6b)

(Y+1) - [(93+2Gp9:) 5+ (] + Gyd;) (674 2G e
+G 1) + (05 +4Gd;+2Go’ ¢, +2G,¢,) ;] =128°,

(69
where
1 1
¢o(£)=Uo+§U1+‘5Uz (6d,))
¢:(§)=—VrU, (6d,)
1
¢z(E)=Uo—U1_§U2 (6d3)
X7
¢:(H) =" U,

) = lU —~1U ZU 6d
4’4(2)———6 075 /+2 2 (6d,)
(v+1)2/® c

=73 P

4.0 —(O— ALGEBRAIC DECAY (REF.1)
~57— EXPONENTIAL DECAY (REF.1)

PARABOLIC DECAY (EQ. 10)

— -— EXACT THEORY (REF, 2)

5.0
Fig. 1 Pressure distribution of the wedge flow at M_, =1.0.
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Based on the tangency condition, g(£) can now be expressed
as

g(&)=h"(&)/¢,(%) )

Inserting Eq. (7) into Egs. (6a and 6b) results in
(y+ 1) didso5=2h"2¢, (8a)
(Y+1)oi[h" ¢5+h" b1 =6h" o5 (8b)
Eq. (6¢) +Eq. (7) (8c)

As the combined form of Eqgs. (7) and (6¢) [labeled as Eq.
(8¢)] is rather lengthy; it shall not be given here. It is apparent
that for the case of the wedge, #” and 2" are both zero in Eq.
(8b), which leads to U, (£) =0. However, if we carry out Eq.
(8¢c) and drop all terms involving #” and h”, the following
equation results

(v+1)[65($70;—20,0162) +d5(did5
~4¢,0105+60,01°¢,—20,076,) 1 =12h" 2, (8d)

Clearly, Eqs. (8a) and (8d), containing only two unknown
functions, U,(£) and U,(£), are thus consistent equations
obtained up to the order of 4°. They are to be solved
simultaneously, in principle, subject to the following con-
ditions

Uy(0)=U,(0)=0 attheapex %a)
Us(1)=Uj3(1) =0 attheshoulder %b)
Wedge-Flow Analysis

Instead of solving Eqs. (8a) and (8d) as a simultaneous set,
alternatively, the approximate scheme according to the
principle of series truncation method* is to solve Eq. (8a)
itself alone and to impose U,=0. In this way, the ap-
proximate scheme proposed can be considered as a first step
toward an iterative scheme and the subsequent solution of
U, () of Eq. (8d) can be considered as a flowfield correction
to Uy(¢) of Eq. (8a). In what follows, however, we only
restrict the analysis to the solution of Eq. (8a), as our purpose
is to elucidate the improvement made due to the usage of the
parabolic decaying function.

The explicit form of Eq. (8a) reads

UyUpUg=B, B=2/x(y+1) 10)
whose boundary conditions are given in Eq. (9). An exact

solution has been given in Ref. 1 in an implicit form [Eq.
4.4),i.e.

1 SUO du
= 11
Srem o T an
- _Us(®)
here0<sét=<land0<U;=—2>- =<1
where0<¢(<1land0<U, Uo(1)<

I'(2/3) =1.35411794...

the Gamma function. Meanwhile, Eq. (10) can be integrated
to yield a first order equation, i.e.,

Us(§) == (3B) 17 1w Uyl 173 (12)

The pressure coefficient C,= —27%/°

expressed as

¢, (x,0) can now be

-~ _ (v+D73

6 -
Cp— 12/3 Cp=2(7) l/jwn Uoll/.? (13)
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Thus, the drag coefficient defined as Cp,=7{)h’ ( x) C,dx
can be derived as

_ ('Y+1)1/3 2(6/1() 1/3
C = C =
D D F(2/3)

5 =1.83 (14)

Hence, the present drag results is considered to be an im-
provement over our previous result Cp= 1.9 according to the
algebraic decaying function (e« =1). In order to compare with
the exact value of Guderley-Yoshihara’? and other ap-
proximate hodograph methods, the following results are
quoted: Cp = 1.67 (Cole”); Cp = 1.75 (Guderley-Yoshihara?);
Cp=1.89 (others in Ref. 8).

The pressure coefficient is obtained by numerical in-
tegration of Eq. (11). It can be seen in Fig. 1, that the present
parabolic decaying function indeed gives better agreement
with the exact theory than those functions proposed in Ref. 1.
Also, when we apply the iteration scheme proposed in Ref. 1
by substituting the parabolic solution for a wedge into the
right-hand side of Eq. (12), the following pressure coefficient
is obtained, i.e.

ép=2(3/7l') 1/3 lengll/.?

Thus, we have recovered Spreiter’s wedge solution® from a
rather different approach.

Discussion

By contrast, the present approach is different from the
parabolic method and the local linearization method in the
sense that no free constant is required to be determined nor is
it needed to be reset into a variable. Neither the parabolic
method nor Hosokawa’s method is known to be adequate for
the wedge flow calculation, since those models break down as
the flow approaches the wedge shoulder. We have shown that,
on the other hand, the present method adopting the parabolic-
decay series indeed gives excellent results both in the drag
coefficient and the pressure distribution in comparison with
the exact theory; the iteration version of the present method
recovers the local linearization result as a special case. Fur-
thermore, we have drived a higher-order flowfield correction
scheme [Eqgs. (8a) and (8d)], which is an improvement over the
previous approach.! Hence, the present approach would
amount to the possible extension of the lifting and unsteady
cases of the wedge flow. Within the framework of the present
formulation, it is believed that the axisymmetric case for a
transonic cone flow can also be solved in the same manner.
Some difficulties, however, are expected in tackling the
profiles with curvatures (such as parabolic arc airfoil), due to
the fact that the sonic-point location is unknown in advance.
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Shock-Wave Profiles about Hemi-
spherical Noses at Low Super-
sonic Mach Numbers

K. D. Korkan* and G. M. Gregorekt
Ohio State University, Ohio

N a recent Synoptic, Hsieh! presented the results of a

systematic theoretical and experimental study of a
hemisphere-cylinder at zero incidence for Mach numbers
ranging from 0.7 to 2. In the computational segment of the
analysis, a direct method of a time-dependent finite difference
solution to the unsteady Euler’s equation is employed. As a
result, Hsieh was able to present comparisons of theoretical
shock positions about a hemispherical nose with existing and
obtained experimental data.

It is interesting to note that a correlation concept of the bow
shock profile for spheres utilizing the density ratio across a
normal shock was employed by Gregorek and Korkan? in a
study of hypersonic blunt body similitude. In this study,? the
general form of the equation for the spherical shock as ob-
tained from the blast wave analogy was employed, i.e.

rs/szA [x/dN]" (1)

where the coordinate system is taken at the origin of shock
apex. As reported in Ref. 3, shock wave profile experimental
data were obtained in the 4-in. continuous, free-jet, hyper-
sonic wind tunnel of the Ohio State University. Values of the
shock wave radial coordinate r; and the axial coordinate x
were thus determined. When these values were non-
dimensionalized by the sphere diameter d,, and displayed on a
logarithmic scale, the profiles were observed to be ap-
proximately linear and therefore could be expressed in the
form of Eq. (1). However, the correlations presented
earlier?? were based upon M, =2 data. With the data
exhibited by Hsieh,! these correlations may now be extended
to the low supersonic Mach numbers.

Employing the shock wave constants obtained for spheres,
in addition to Hsieh, ' Seiff,* Baer,® and Love, % values for 4
and n were plotted against Mach number as shown in Fig. 1
for y=1.4. From these results, the empirical correlation for
A and n based on a density ratio presented earlier? has been
modified to fit the experimental data and takes the form

A=1.52 k=°%410.823/ (M2~ )] @
n=0.61 M,, ~*!! 3)
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and therefore Eq. (1) becomes

0.823 ] ( x ) 0.61M,, ~ 011

Ts [ -0.20
— =152 k™" ———— || —
(ML-DI\dy

a, @
The experimental values of A are well represented by their
empirical expression, with the maximum deviation being less
than 2%. Values of the exponent n show more scatter, due to
the greater measurement difficulty in obtaining the slope of
the shock wave profile from the experimental data.

Application of the present empirical correlation expressed
in Eq. (4) to the experimental results shown by Hsieh! and
Gregorek and Korkan? is presented in Fig. 2. As can be seen,
the agreement between prediction and experiment is ac-
ceptable over a wide range of Mach numbers which now
encompass the low supersonic regime, e.g., 12.00=M_ =
1.10. It may also be noted that the results of Figs. 1 and 2 may
be plotted in terms of density ratio across a normal shock & as
had been done earlier? with good agreement with ex-
perimental data for k< 15.

Since the empirical correlation given by Eq. (4) has a
coordinate system located at the apex of the shock wave
profile, the shock detachment distance has also been in-
vestigated. Using the data presented by Hsieh7'® and those
given by Gregorek and Korkan,?>!! a comparison has been
made with the shock detachment distance prediction utilizing
the Ambrosio and Wortman!! expression based on &, i.e.

A/rN;0.52 (k—1)—0%! &)

The results are shown in Fig. 3 and indicate good agreement
between Eq. (5) and experiment over a wide range of Mach
numbers including-the low supersonic regime, i.e., 15.00=
M, =1.10.

Therefore, with the aid of the data presented by Hsieh! and
other investigators, the empirical correlation?3? based on &
and M, to predict the shock wave profile about a
hemispherical nose has been extended to include Mach
numbers = 1,10 while still being valid up to M_ =15. It has
also been shown that the shock detachment distance for a
hemispherical nose can also be predicted up to M_ =15 in-
cluding the low supersonic range by an empirical expression
originally formed by Ambrosio and Wortman.!' The ex-
pressions presented by Eqgs. (4) and (5) provide a rapid
method to predict the shock wave profile and detachment
distance about a hemispherical nose for 15.00=M_ =1.10.
However, the need for computational methods still exists to
satisfy such requirements as obtaining the details of the
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Fig. 1 Dependence of shock wave constants on freestream Mach
number.



